.. A general formula is derived for calculating the gamma-ray spectrum resulting from the annihilation of cosmic-ray positrons. I'his formula is used to calculate annihilation-gamma-ray spectra from various equilibrium spectra of secondary galactic positrons. These spectra are then compared with the gammaray spectra produced by other astrophysical processes.
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I. INTRODUCTION
The annihilation of cosmic-ray positrons has for some time been recognized as a potential source of cosmic gamma rays. Gamma-ray fluxes from cosmic positron annihilation have been estimated and discussed by various authors (Pollack and Fazio, 1963; Hayakawa, et. al., 1964; Ginzburg and Syrovatskii, 1964a,b) . Pollack and Fazio have discussed the possible relationship between the present flux of 0.5 MeV gamma-radiation from positron annihilation and the cosmic-ray intensity and galactic gas density l o 9 years ago. Ginzburg and Syrovatskii have pointed out that the intensity of the 0.5 MeV line may be a sensitive measure of the leakage rate of cosmic-ray positrons from the galaxy.
These authors have also given an approximate formula for the calculation of the gamma-ray spectrum from the annihilation of high-energy positrons.
It has therefore become apparent that the cosmic-gamma ray spectrum . * cosmic-ray sources, both galactic and extragalactic. It is for this reason, that the author had recently undertaken a more detailed investigation of the various aspects of the cosmic positron annihilation problem (Stecker, 1967b) . That work has now lead to this further treatment pointing out the potential richness and complexity of the problem.
The paint of departure for our discussion will be a derivation of the general formula for calculating the annihilation-gamma-ray spectrum (AGS) from cosmicr a y positrons valid at all energies. This formula is then used to calculate AGS from various equilibrium spectra of secondary cosmic-ray positrons. The results of various numerical calculations will be given &rid discussed.
The significance of direct measurement of the positron equilibrium spectrum itself will be discussed as a possible sensitive indicator of the diffusion and leakage of cosmic-ray leptons out of the 'galaxy.
THE ANNHILATION-GAMMA-RAY SPECTRUM
The cross section for positron annihilation as a function of energy w a s first deduced by iJirac (1930) . An excellent presentation of the theory is given by Heitler (1960) is the annihilation
The most important annihilation mode of the free electron-positron system The frequency of t h i s annihilation is 372 times greater than that of the f r e e three-photon annihilation and we may neglect all but the two-photon mode in considering the gamma-ray spectrum from free e + -e -annihilation. (However, as we shall see later, the three-photon mode becomes important when we consider the effect of positronium formation by positrons of energies less than 5 keV.)
The differential cross section for gamma-ray production in the collision c.m.s. of a free two-photon annihilation may be written as where 5 0 = n r o 2 , r o = e2/Mc2 is the classical radius of the electron, y is the Larentz factor of the positron, ,8 {m, the c.m.s. Lorentz factor and velocity a r e given by is the cosine of the angle between the incoming positron and the outgoing gamma-ray in the c.m.s., and the angular distribution function, +(x; y) is defined as
The energy of an annihilation-gamma-ray in the laboratory system is given by the Doppler relation as
3
If we now define the dimensionless energy q = E,/Mc2, we may use Eqs. where n e is the number density of electrons in the medium. Therefore, the gamma-ray source spectrum from the annihilation of cosmicray positrons with a density n ( y ) ~r n -~y -l is given by
We now wish to integrate over the delta function in Eq. (7). The result of this integration is to replace the last integral in Eq. (7) by a function @ (q, y ) such that We may, therefore, replace the integral over dx by the algebraic function +(x0 ( q , y ) , y ) provided the limiting condition on x0 is transformed into a limiting condition on the integration over dy. The limiting conditions xo = &l correspond to the relations It follows from Eq. (9) that the product This result, as pointed out by Heitler (op. cit.) may be discussed physically as follows. In an ultrarelativistic annihilation, the resulting photons are emitted in a sharply backward and sharply forward direction in the collision c.m.s.
respectively. In the laboratory system, the forward photon carries off almost all the energy of the collision while the backward photon carries off an energy between about 0.25 and 0.5 MeV. Therefore, the AGS for 7 >>1 rimy be obtained 8 by using the approximate production-cross-section
The two-photon annihilation cross-section at ultrarelativistic energies has the asymptotic form
Therefore, the ultrarelativistic asymptotic form of the AGS is given by the expression as has been previously noted by Ginzburg and Syrovatskii. These asymptotic formulas should be kept in mind when examining the numerical evaluations of the AGS obtained from the exact formula given by Eq. (19).
III. THE EQUILIBRIUM SPECTRUM O F SECONDARY GALACTIC POSITRONS FROM PI-MESON DECAY
In order to calculate plausible annihilation-gamma-ray spectra from our own galaxy, it will be assumed that the only source of galactic cosmic-ray positrons above a few MeV energy is the result of primary cosmic-rays colliding with atoms of interstellar hydrogen and helium gas in the galaxy. These high-energy collisions are known to produce positive pi-mesons which rapidly decay into positrons and neutrinos. Much accelerator data is available on the production of pi-mesons in interactions up to 30 GeV/c and many cosmic-ray studies have been made of higher energy interactions. Various calculations have been made using this data to calculate positron source spectra in the galaxy (Pollack and Fazio (1963) ; Ginzburg and Syrovatskii (1964b); Hayakawa, et al. (1964); Jones (1963) ; Ramaty and Lingenfelter (1966) ). In these calculations, it is usually assumed that the primary cosmic-ray spectrum is essentially the same as that Most of the interstellar gas in our galaxy is unionized with the exception of the so-called HI1 regions near the very hot 0 and B stars which a r e powerful sources of ionizing ultraviolet radiation. Allen (1963) gives the proportion of space near the galactic plane occupied by clouds of interstellar gas and dust as 7% and that occupied by ionized clouds (HII regions) as 0.4%. We will therefore assume that the galactic gas is entirely neutral for the purposes of these calculations and take for the energy loss rate from ionization the expression (See Heitler (1960) ; Morrison (1961) ).
The energy loss rate from bremsstrahlung may be taken as based on radiation lengths for hydrogen and helium given by Dovzhcnko and Pomanskii (1964) .
The loss rate from synchrotron radiation and Compton collisions may be taken as where H i s given in gauss and the radiation density, p, , is given in ev/cm3 (Ramaty and Lingenfelter (1964) ).
The total positron energy-loss rate is taken to be the sum of Eqs. (27) - (29) and is simply denoted by r ( y ) . Equation (23) may then be solved to yield the equilibrium positron density spectrum in the form (Stecker, (1967b) ).
12 Equation (30) will be used to obtain numerical solutions for n ( y ) , the positron equilibrium flux and the resulting AGS of In order to utilize Eqs. (30) -(32) to determine the positron equilibrium flux and AGS in the galaxy, we chose typical average values for the quantities n e , H, py and TI for both the galactic disc and the galactic halo. These values are given in Table 1 . The radiation density, p,, includes the contribution of 0.25 eV/cm3 from the 2.7"K universal microwave field (Stokes, Partridge and Wilkinson, 1967) Using the values given in Table 1 for the galactic halo to numerically integrate Eqs. where Le is the effecthe path length for gamma-ray production.
For leakage times less than 10 million years, the equilibrium positron flux has roughly the same characteristics of the source spectrum of Fig. 2 and its magnitude is proportional to the leakage time. In the case of longer leakage times, the positrons are trapped in the galaxy for a sufficient time for the energy loss processes, particularly ionization loss, to affect .;he spectrum by progressively flattening it below 3 0 MeV. Studies of spallating cosmic-ray nuclei yield a mean path length, X = 4 f 1 g/cm2 for cosmic-ray nuclei, corresponding to a mean leakage time of the order of 100 million years. The curve in Fig. 3 corresponding to X = 5 g/cm2 is in agreement with the cosmic-ray positron measurements of Hartman (1967) . It may be noted that measurements of the galactic positron flux below 30 MeV would yield a more sensitive check on the galactic mean leakage time. Figure 4 shows the annihilation-gamma-ray spectra obtained using the positron equilibrium fluxes of Fig. 3 . The spectra shown are from annihilationsin-flight of positrons having energies greater than 5 keV. AGS from positrons annihilating with energies below 5 keV will be discussed later. It can be seen that the peaks o l these spectra lie in the region 11' 2 < q < 1. This effect is due to a pile-up of those gamma-rays from the annihilation of relativistic positrons which a r e emitted in the backward direction in the c.m.s.
In Fig. 8 , this flux is compared with gamma-ray spectra from neutral pi-meson production from galactic cosmic-ray collisions (Stecker, 1967) and with the positron's own bremsstrahlung spectrum ( I,, ( Er) and I, ( Er) respectively). It should be noted that these spectra a r e rigidly related since the ultimate source of I,, ( Er) is the same cosmic-ray collision process generating the positrons and I, (E,) is completely determined by I + ( y ) and n e . The total galactic bremsstrahlung spectrum is of course determined by the sum of the cosmic-ray positron and electron fluxes in the galaxy and may be expected to be at least twice as large as the I, ( 7 7 ) flux shown in Fig. 8 . We have also shown the expected bremsstrahlung gamma-ray flux from the observed cosmic-ray electron spectrum.
Recent measurements have indicated that for 7 5 2 the observed isotropic gamma-ray spectrum follows a power law of the form Iobs ( 7 7 ) -771-2.3 (See review paper by Gould, 1967 ). An extrapolation of the observed isotropic spectrum is also plotted in Fig. 8 along with the conjectured extrapolation of Shen and Berkey (1968) . Various authors have suggested that this flux may be due t o Compton collisions between intergalactic positrons and electrons and the universal thermal microwave radiation (Hoyle, 1965; Gould, 1965; Felten, 1965; Fazio, Stecker and Wright, 1966; Felten and Morrison, 1966 or background from external galaxies (Gould and Burbidge, 1963; Silk, 1968) . If this is indeed the case, it may place severe restrictions on observations of the galactic AGS .
IV. THE ANNIHILATION-GAMM-RAY SPECTRUM FROM COSMIC-RAY POSITRONS ANNIHILATING NEAR REST
We now come to the problem of determining the AGS from cosmic-ray positrons annihilating near rest. Because some aspects of this determination seem deceptively simple, there has been a tendency to oversimplify this problem in the literature. For this reason, I will first list various aspects of the problem essentid to an accurate analysis before proceding to treat them.
A. In considering annihilations near rest, one must consider the possibility of the intermediate formation of the bound electron-positron system, i.e., the positroniuni a t o m At low energies, the cross-section for positronium formation becomes much greater than the cross-section for free annihilation.
B. Once formed in interstellar space, a positronium atom will annihilate 75% of the time into three photons. This situation contrasts sharply with the case of free annihilations where three-photon annihilations occur with a probability of less than l/2%. Therefore, the three-photon annihilation process, which produces a continuous spectrum from 0-0.5 MeV, must be considered along with the two-photon line-annihilations. Their relative importance depends directly on the fraction of positrons which ultimately form positronium.
C. The most important source of the cosmic-ray positrons having energies greater than a few MeV is the source we have been considering, the decay of I secondary charged pi-mesons. There are, however, sources of relatively low energy positrons (less than a few MeV) which, as we shall see, may have a ~ greater probability of being trapped inside the galaxy until they annihilate near rest. These sources a r e the beta-emitters, which a r e produced predominantly by low energy cosmic-ray interactions involving carbon, nitrogen and oxygen.
Therefore, any observable 0.5 MeV line radiation from the galaxy may be primarily due to these beta emitters and that an observation of the intensity of the 0.5 MeV line could supply information on the intensity of low-energy cosmicradiation in the galaxy.
V. GALACTIC POSITRONIUM FORMATION
The cross-section for positronium formation by fast positrons in atomic hydrogen has been calculated by Cheshire (1964) and will be used as an approximation for the interstellar medium. The ratio of positronium formation to free annihilation is only significant at non-relativistic energies and may be approximated by
At energies of the order of the hydrogen binding energy, the probability +for positronium formation may be determined as follows (Deutsch, 1953) :
Whereas free electrons and positrons may readily combine to form positronium with a binding energy just half that of hydrogen (the effective Bohr radius being 2ao), a positron needs a certain threshold energy in order to break apart an atom s o that it may combine with its electron to form positronium. The binding energy of hydrogen is 13.6 eV; the binding energy of positronium is 6.8 eV. If we consider a fast positron impinging on a hydrogen medium and being slowed down by ionizing collisions, and if we assume that the last ionizing collision is equally likely to leave a positron with any kinetic energy between zero and V i (Vi being the ionization energy of the medium), then the fraction
of positrons may form positronium.
We must also take into account the possibility of inelastic collisions rapidly reducing the energy of the positron, not through ionization of the atom but through excitation. Therefore, if the first excitation level of the atom is V,, and if
should be a lower limit for the probability of positron formation. For a hydrogen medium V i = 13.6eV and
and therefore the probability of positronium formation, Pn, is 0 . 2 5 < < 0 . 5 0 .
F o r practical purposes, we may therefore use
By a similar argument, we can show that the probability of the formation of positronium in its first excited state (n = 2, binding energy of only 1.7 ev) is quite small.
VI. GAMMA-RAY SPECTRA FROM TWO-AND THREE-PHOTON ANNIHILATIONS AT REST
The cross-section for free annihilation into 5 photons, i.e., for the ditions. Therefore, t h e single-photon annihilation c a n be neglected in t h e following discussion (Hcitler, 1960) . 
where 8 is the orbital angular-momentum quantum number and S is the spin quantum number. By combining Eqs. (44) and (45), we obtain the selection rule
We may therefore specify the processes given by Eq. (43) as and e+ t e--t n(3s1) L 3 y .
Processes involving 4 # 0 can be neglected (Deutsch, 1953) .
The lifetime for positronium annihilation into two gamma-rays is given by o r r = 1.25 1 0 -l~ n 3 sec ,
where n is the principal quantum number of the positronium state, a. is the Bohr radius given by v is the electron velocity, and I $( 0 ) I is the absolute magnitude of the wave function at the origin of the system. The effective Bohr radius for positronium is twice that of hydrogen, and this is taken into account. The factor of 4 in Eq. (49) takes into account the fact that for the two-photon decay of positronium, we know we a r e concerned with the "singlet" state, whereas in the case of free annihilation the probability of a singlet int,eraction (spins antiparallel) is 1/4 and the probability of a triplet interaction (spine parallel) is 3/4. The factor I $( 0 ) I is just the effective electron density seen by the positron.
The lifetime for positronium annihilation into three gamma rays is given by (Ore and Powell, 1949) 
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The lifetimes f o r both the two-and three-photon annihilations of positronium are therefore SO short that for considerations of galactic gamma-ray production, we may consider the annihilation to take place effectively at the time that positronium is formed. Therefore, we conclude that 3/4 of the positronium formed in the galaxy annihilates into three-photons.
The energy spectrum of the two-photon annihilation in the center-ofmomentum system (c.m.s.) of the electron-positron pair is single line at E, = 0.51 MeV (77 = l), as can easily be seen from considerations of conservation of energy and momentum. The natural width of this line due to the uncertainty principle is small, being on the order of
Dominant broadening can be expected t o be due t o the Doppler effect, and is of the order
The effect of astrophysical conditions on the broadening of the 0.51-MeV line from two-photon annihilation can be determined as follows:
In f r e e e + -e -annihilations, we may consider a gas o r plasma at temperature T. Then the distribution of the component of particle velocity along The order of magnitude of the broadening is of the order of so that for T = 100"K, AE "lo-' keV. The Doppler width for two-photon positronium annihilation will be discussed later.
The energy spectrum from the three-photon annihilation is continuous, as allowed by conservation of momentum. It has been calculated by Ore and Powell (1949) to be of the form
The function F( q) is shown in Fig. 5 ; F( q ) is normalized s o that
VII. THE NTJMBER OF COSMIC-RAY POSITRONS ANNIHILATING NEAR REST
We now turn our discussion to the problem of the number of cosmic-ray positrons annihilating near rest. These positrons most likely come from two source :
A) Positrons from the decay of secondary charged pi-mesons which were created at low enough energies to be trapped for a sufficiently long time in the galaxy to lose essentially all their energy before either annihilating in flight o r escaping from the galaxy.
B) Positrons from the decay of beta-emitting nuclei formed in collisions of low-energy cosmic-rays involving nuclei of carbon, nitrogen and oxygen.
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The fraction of the original positron flux from the decay of secondary pi-mesons which annihilate near rest, f + , is given by I near rest, a figure which is in perfect agreement with that given by Heitler
This fraction was calculated numerically using Eqs. (24) - (29) and is given in (1960) as an asymptotic value for the annihilation of ultrarelativistic positrons Table 2 and Fig. 6 for various possible mean leakage times, Tt. In the case of an infinite leakage time (all positrons being trapped and annihilating in the galaxy) we find that 80% of the positrons produced annihilate (corresponding to x 2 5 gm/cm2), only 1-2% of these positrons annihilate near rest.
I
We nexl consider the positrons produced in the decay of beta-emitting nuclei produced in low-energy cosmic-ray collisions. The important reactions to be considered are listed in Table 3 (Audouze, et al., 1967) . Whereas the majority of pi-mesons are produced by cosmic-rays having energies over 500
MeV, beta-emitting nuclei can be produced by cosmic-rays with energies down to below 20 MeV. The positrons produced have energies less than 5 MeV with the singular exception of those produced from the decay of N12. Using the crosssection data given in Table 3 , and the quiet-sun observations of the cosmic-ray spectrum from 20-1000 MeV/nucleon (Comstock, et. al., 1966) . We obtain the value for the fluxes given in Table 4 . This value probably represents a lower limit to the true astrophysical value since over 95% of these beta-ray positrons will remain trapped in the galaxy and annihilate near rest. Table 3 Principal Reactions Leading to Production of P-Emitting Nuclei (See Audouze, et al. (1967) ). 
